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Abstract. Models typically used to simulate the influence of atmospheric turbulence on ground telescope observations are usually based on the frozen flow hypothesis. However, the frozen flow model
of the atmosphere is valid at time scales of the order of tens/hundreds of milliseconds. This paper generalizes a previous model for turbulence simulation to ensure reliable tests of AO system performance
in realistic working conditions. The proposed method relies on the use of a multiscale autoregressivemoving average model, which allows to eﬃciently simulate (with computational complexity O(n)) the
coherent evolution of the turbulence. The proposed procedure is tested on simulations.

1 Introduction
High working frequencies, large dimension of the system (deformable mirrors of large telescopes are actuated by thousands of piezosystems), modeling uncertainties and nonlinearities
make the goal of the control unit in AO systems quite challenging [1–8]. These considerations
motivate an accurate testing procedure to compare diﬀerent control strategies and evaluate their
performance. According with this aim, this paper deals with the problem of statistically accurate
simulation of the eﬀect of atmospheric turbulence on ground telescope measurements.
Among the models previously proposed in the literature for the generation of turbulent phase
screen, it is possible to distinguish models based on the use of the fast Fourier transform (FFT)
[9], and methods based on linear dynamic systems [10–12]. The first are attractive because of
their high accuracy, however their memory and computational requirements for long simulations
are prohibitive. Then, much of the interest in the latter is due to their ability in producing long,
possibly infinite, sequences of phase screens. Unfortunately, the computational complexity of
methods [10–12] increases (approximately) quadratically with the turbulence resolution along
one spatial direction. Thus, they cannot be used when dealing with both long exposure and high
resolution simulations.
This work considers a generalization of the multiscale stochastic model for turbulence simulation proposed in [13]: this method, that has some analogies with other works in the literature
concerning multiscale stochastic models [14–16], has the advantage that it allows the synthesis
of long and accurate high resolution turbulent phase sequences with acceptable computational
and memory requirements, i.e. O(n).
The proposed method, that is based on the use of a PCA local representation in combination
with a multiscale stochastic model, can be extended to allow the simulation of nonstationary
turbulence as well [17].
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2 Turbulent phase characterization
From a spatial point of view, the turbulent phase is assumed to be zero-mean stationary and
spatially homogeneous, and normally distributed [18]. Let u and v be two unit vectors indicating two orthogonal spatial directions, and let ϕ(u, v, t) be the value of the turbulent phase
on the point (u, v) at time t on the telescope aperture plane, where u and v are the coordinates of the point along u and v. Then, the covariance between two values of the turbulence,
ϕ(u, v, t) and ϕ(u′ , v′ , t), depends only on the distance,
r, between the two points: Cϕ (r) =
√
′ ′
′ ′
′
E[ϕ(u, v, t)ϕ(u , v , t)],∀(u, v, u , v ), such that r = (u − u )2 + (v − v′ )2 .
According to the Von Karman theory, the shape of the spatial covariance function, Cϕ (·), is
completely characterized by the values of two physical parameters, r0 , the Fried parameter, and
L0 , the outer scale ([1,19]):
( )5/3 (
)5/6
(
)
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Cϕ (r) =
K5/6
,
(1)
r0
2 L0
L0
where K· (·) is the MacDonald function (modified Bessel function of the third type), and η is a
constant [1, 19,13].
From a temporal point of view, the turbulence is typically modeled as the superposition of a
finite number ℓ of independent layers, moving at diﬀerent altitudes, with diﬀerent energies and
velocities. Let ψi (u, v, t) be the value of the ith layer at point (u, v) and time t: the ith layer models
the atmosphere from hi−1 to hi meter high, where hl ≥ · · · ≥ hi ≥ hi−1 ≥ · · · ≥ h0 = 0. Then,
ϕ(u, v, t) is given by
ℓ
∑
γi ψi (u, v, t) ,
(2)
ϕ(u, v, t) =
i=1

∑
where {γi } are suitable normalized coeﬃcients, i.e. li=1 γi2 = 1. The coeﬃcients {γi2 } have the
physical meaning of strengths (or normalized energies) of the layers.
The layers are assumed to be characterized by similar spatial characteristics, i.e. all the layers
are spatially described by the same covariance function Cψ (r):
Cψ (r) = E[ψi (u, v, t)ψi (u′ , v′ , t)] = Cϕ (r) , i = 1, . . . , ℓ ,

(3)

ψi (u, v, t + k/ f s ) = ψi (u − vi,u k/ f s , v − vi,v k/ f s , t) ,

(4)

√
where r = (u − u′ )2 + (v − v′ )2 .
A commonly agreed assumption (frozen flow hypothesis [1,17]) considers that each layer
translates in front of the telescope pupil with constant velocity ui = vi,u u + vi,v v:

where f s is the sampling rate, and k/ f s is a delay multiple of 1/ f s .
In the simulation of stationary turbulent phase, in Section 5, the frozen flow hypothesis of
Eq. 4 is assumed to hold. In addition, r0 and L0 are fixed to constant values.
However, the behavior of the real turbulence actually deviates from that established by the
frozen flow approximation of Eq. 4: in order to take into account of such deviations, in the
nonstationary case considered in Section 5.4, r0 and L0 are allowed to be time varying, as well.
Thanks to the independence of the layers, they can be simulated separately and then combined by means of Eq. 2. Without loss of generality, hereafter the paper takes into consideration
the problem of simulating a single turbulent layer with velocity u(t) = vu (t)u + vv (t)v, and
strength γ12 = 1.
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3 Turbulent phase simulation
Consider a turbulent phase screen of size r × c, where the physical dimension of each pixel in
the corresponding matrix is p s × p s . Then, the temporal turbulence evolution is equivalent to
generating new rows and columns of the phase screen matrix and properly shifting the window
(
)
corresponding to the telescope aperture of vv (t)/ f s , vu (t)/ f s pixels at each sampling period1
(see Fig. 1). Hence, the problem of simulating the temporal turbulence evolution can be reduced
to that of generating a phase screen of larger size: to simplify the notation, hereafter we omit
the time coordinate t from equations, and focus on the goal of generating an r × c phase screen.

Fig. 1: Temporal evolution of the turbulence is obtained by generating new rows and columns of the
phase screen matrix and shifting of u/ f s ) pixels the window corresponding to the telescope aperture.

4 Multiscale spatial representation based on local PCA
In this work, a multiscale representation of the turbulent phase is obtained by means of a local
PCA decomposition.
Let l be the order of the representation level (l larger for scales associated to higher resolution, e.g. M > 0 is the scale associated to the highest resolution, whereas l = 0 is the lowest
resolution scale), then define x M (u, v) = ϕ(up s , vp s ), ∀(u, v) ∈ Z2 , where, with a slight abuse of
notation, u and v are two spatial integer indexes.
The coeﬃcients characterizing the turbulence at the spatial position (u, v) at scale l − 1 (e.g.
xl−1 (u, v)) are obtained from those at scale l (e.g. xl (2u, 2v)) by means of a local PCA decomposition. Consider the values of xl in a proper 2 × 2 pixel spatial neighborhood of (2u, 2v). The
PCA
representation of such pixels is given] by the values of
[
⊤
xl−1 (u, v) xl−1,1 (u, v) xl−1,2 (u, v) xl−1,3 (u, v) :




xl (2u, 2v)


 xl−1 (u, v) 
 x (2u, 2v + 1) 


 l
 = U S V (u, v) = U  xl−1,1 (u, v)  ,
l l l
l
 xl (2u + 1, 2v) 
 xl−1,2 (u, v) 




xl (2u + 1, 2v + 1)
xl−1,3 (u, v)
1

For high accuracy simulations, vv / f s and vu / f s are restricted to be integer multiples of p s .
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where Ul is the 4 × 4 unitary matrix containing the spatial PCA bases2 , S l is a diagonal matrix
of singular values (σl,1 , σl,2 , σl,3 , σl,4 ) in descending order, and Vl (u, v) is a unit vector. xl−1 is a
low pass representation of the turbulent phase, while xl−1,1 , xl−1,2 and xl−1,3 provide the spatial
details to obtain xl from xl−1 .
Recursively applying Eq. 5, the values of xl−1 are used to obtain the values of the representation at scale l − 2, and so on. Notice that at each scale the 2D domain is bisected in both
directions with respect to the representation at the previous resolution level.
Since Ul is unitary, then Eq. 5 can be inverted by using Ul⊤ = Ul−1 : by recursively using such
linear relation, {xl , xl,1 , xl,2 , xl,3 , . . . } can be linearly expressed in terms of x M , and vice versa.
When l is suﬃciently large the last component of the PCA representation of Eq. 5 has typically much lower energy with respect to the others (i.e. σl,4 ≪ σl,3 ≤ σl,2 ≤ σl,1 ): as shown in
the example of Fig. 2, typically σ2l,4 , the energy of xl−1,3 , is usually much larger at the first scales
than at the highest resolution ones. This suggests that in such a case xl−1,3 can be neglected without aﬀecting the statistical accuracy of the turbulence representation: in practical applications, a
good tradeoﬀ between statistical accuracy and computational time reduction is to neglect xl−1,3
at the two highest resolution scales. Thus, the PCA representation can be exploited to reduce
the number of values describing the current turbulent phase, and, consequently, the simulation
time.
1

energy of the 4th PC

0.8

0.6

0.4

0.2

0
1

2

3

4
scale

5

6

7

Fig. 2: Energy σ2l,4 of the 4th component in the multiscale PCA representation varying the scale l from 1
to M = 7. Turbulence parameters: r0 = 0.11 m, L0 = 60 m, p s = 8.2 mm.

In order to take into account of the xl−1,3 components neglected in the PCA representation at
certain scales, Eq. 5 is modified as follows:




xl (2u, 2v)


 xl−1 (u, v) 
 x (2u, 2v + 1) 


 l
 ≃ C  xl−1,1 (u, v)  .
(6)
l
 xl (2u + 1, 2v) 
 xl−1,2 (u, v) 




xl (2u + 1, 2v + 1)
xl−1,3 (u, v)


0 


0 
where Cl =  Ul (:, 1 : 3)  if xl−1,3 is neglected, whereas Cl = Ul otherwise.
0 


0
2
Since x M (u, v) = ϕ(u, v), ∀(u, v), and for each l the coeﬃcients representing the turbulence at scale l − 1 can
be linearly obtained from those at scale l, then the second order statistics of xl can be obtained by means of linear
combinations of values from Eq. 1.

4
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5 Multiscale simulation of turbulence
The turbulent phase synthesis procedure can be summarized as follows:
– Use a low-resolution stochastic model to generate x0 , the turbulence at the lowest resolution,
matching the second order statistics computed from Eq. 1.
– For each l, 0 ≤ l < M − 1, use a proper stochastic model that takes as input xl and provides
as output a realization of xl+1 , that matches the theoretical second order statistics computed
from Eq. 1.
The following subsections present the low-resolution and the multiscale stochastic models
that allow to successfully perform the above steps. For simplicity of exposition, the border eﬀect
is discarded, i.e. at each scale the domain of the process is assumed to be an infinite grid. The
reader is referred to [20] for a more detailed description of this aspect.
5.1 Lowest level MA model

x0 is modeled as a spatial MA process, where the process x0 at point (u, v) is obtained as a linear
combination of the values of the random process ϵ0 in a spatial neighborhood of (u, v):
∑
θ0 (ku , kv )ϵ0 (u − ku , v − kv ) ,
(7)
x0 (u, v) =
ku ,kv

where ϵ0 is a zero-mean Gaussian white-noise process, and θ0 (·, ·) are the coeﬃcients of the MA
process.
√
Since the turbulence covariance in Eq. 1 vanishes for large values of r = u2 + v2 , then
Cϕ0 (u, v), the spatial covariance of x0 evaluated at spatial distance (u, v), vanishes as well. Then,
the sum in Eq. 7 can be practically thought as the sum of a finite number of terms: the range of
values of indexes in the sum in Eq. 7 is assumed to be ku = −δ0 , . . . , δ0 , and kv = −δ0 , . . . , δ0 .
The computation of proper values of the parameters {θ0 (·)} to make the covariances of the
MA process match the theoretical ones can be solved in the (spatial) frequency domain (by
using the fast Fourier Transform) as shown in [20].
Then, the simulation of the turbulence at the lowest resolution level is obtained by generating
random numbers {ϵ0 (u, v)} and filtering them as in Eq. 7.
Since the generation of new portions of low resolution turbulence is made by using the
local model of Eq. 7, which requires only that the underlying process ϵ0 has been generated in
the region of interest (and at its boundaries), then it allows to evolve the turbulence in spatial
directions diﬀerent from those of the axes u and v.
5.2 MAR–MA model for level l

In this paper the MAR–MA stochastic model proposed in [13] is used:
∑
∑
xl−1,1 (u, v) =
al,ku ,kv xl (u − ku , v − kv ) +
θl (ku′ , kv′ )ϵl,1 (u − ku′ , v − kv′ ) ,
ku ,kv

∀(u, v) ,

(8)

ku′ ,kv′

where the coeﬃcients {al,ku ,kv } allows a spatial prediction of the values of xl−1,1 (u, v), given those
of xl−1 in a spatial neighborhood of (u, v) (MAR process); the values of ϵl,1 are randomly sampled
from a zero-mean white-noise Gaussian distribution, and then are filtered using the coeﬃcients
5
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{θl (ku′ , kv′ )} (MA process, similar to that of the subsection 5.1). The range of values of ku and kv
is −dl , . . . , dl , while the range of ku′ , kv′ is −δl , . . . , δl .
The MAR-MA stochastic models for xl−1,2 and xl−1,3 are similar to Eq. 8. According to Eq. 5,
the model at level l, l = {1, . . . , M}, takes xl−1 as input and aims at generating xl−1,1 , xl−1,2 and
xl−1,3 such that the reconstructed xl matches the theoretical statistics derived from Eq. 1 by
means of linear operations: as shown in [13], the values of the parameters of the model (8) are
computed in order to match the theoretical statistics of the stochastic process.

5.3 Synthesis procedure

The synthesis procedure can be summarized as follows (steps 5.A, 5.B, 5.C and 6 are performed
only if the xl,3 component is not neglected in the PCA representation):
1. MAR prediction of xl,1 by using xl as in Eq. 8,
2. Generate ϵl,1 and filter it by means of the MA coeﬃcients {θl,1 } as in Eq. 8,
3. MAR prediction of xl,2 by using xl and xl,1 :
3.A. Filter xl with the corresponding coeﬃcients in the MAR model for xl,2 ,
3.B. Filter xl,1 with the corresponding coeﬃcients in the MAR model for xl,2 ,
4. Generate ϵl,2 and filter it by means of the MA coeﬃcients {θl,2 },
5. MAR prediction of xl,3 by using xl , xl,1 and xl,2 :
5.A. Filter xl with the corresponding coeﬃcients in the MAR model for xl,3 ,
5.B. Filter xl,1 with the corresponding coeﬃcients in the MAR model for xl,3 ,
5.C. Filter xl,2 with the corresponding coeﬃcients in the MAR model for xl,3 ,
6. Generate ϵl,3 and filter it by means of the MA coeﬃcients {θl,3 },
7. Compute xl−1 by combining xl , xl,1 , xl,2 , xl,3 .

5.4 Nonstationary turbulence

In practical applications, changes in the spatial characteristics of the turbulence (e.g. r0 , L0 )
can occur, so, the parameters of the models (7) and (8) have to be changed accordingly. In this
Section it is assumed that the turbulence characteristics can be thought as constant during (quite
long) intervals, and they change abruptly from one set of values to another. So, actually, the
turbulent phase can be simulated as a switching system.
It is simply to show that the parameters of the model (7) and (8) can be easily and quickly
updated when only the value of r0 changes: in such case, the new parameters can be computed
by multiplying the previous values by multiplicative factors related to the new and old value of
r0 .
Instead, when a change in the value of L0 occurs, then the model parameters have to be
recomputed following the complete procedure [13].
If needed, the evolution of r0 and L0 can be modeled as a Markov jump linear system, where
L0 varies among a predefined set of values (for which model parameters are precomputed offline).
Notice that spatio-temporal continuity of the generated turbulence has to be ensured when
switching from one set of model parameters to another set [20].
6
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6 Simulations and discussion
Fig. 3 compares the theoretical turbulence statistics with the sample ones estimated from phase
screens (40 m × 20000 m) generated by means of: the complete MAR–MA model (the last
component of the PCA representation is never discarded), the reduced complexity MAR–MA
model previously suggested (the last component of the PCA representation is discarded at the
two highest resolution scales, and at the highest resolution a reduced spatial neighborhood is
considered in the MAR–MA), and the reduced complexity MAR–MA model where the last
component of the PCA representation is discarded at all the scales.
Specifically, Fig. 3(a) compares the theoretical and the sample structure functions, whereas
Fig. 3(b) compares the error on the sample structure functions with respect to the theoretical
ones. Finally, Fig. 3(c) shows the diﬀerence between the structure functions obtained by the
complete and the reduced complexity MAR–MA model.
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Fig. 3: (a) Comparison of the theoretical structure function (red dotted line) with the sample structure
function obtained by means of the complete MAR–MA model (blue solid line), and the reduced complexity MAR–MA (black dashed line), estimated from a 40 m × 20000 m phase screen. (b) Error with respect to the theoretical structure function. (c) Diﬀerence between the structure functions obtained by the
complete and the reduced complexity MAR–MA model. Turbulence parameters: r0 = 0.07m, L0 = 60m.

As expected, simulations confirm that the proposed use of local PCA allows a computational time reduction of approximately 73%. Furthermore, the reduced complexity (with the
last component of the PCA representation discarded at the two highest resolution scales) and
the full model provide practically equivalent results (Fig. 3(c)). The sample structure function
estimated by synthesized data is very close to the theoretical one, while the computational time
of the reduced complexity model is approximately 1/4 of that of the complete model: thus, the
proposed model allows a particularly relevant time reduction without compromising the statistical accuracy.
Furthermore, the synthesis procedure can take advantage of the low resolution model of
subsection 5.1 to dynamically evolve the turbulence in whatever direction: while the low level
model in [13] accurately reproduces the turbulence statistics only if the turbulent phase moves
along either the u or the v direction, the local model proposed here removes such requirement
(actually, to ensure a good statistical accuracy, it only requires that vv / f s and vu / f s are integer
multiples of p s ).
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